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■^^ ' Abstract. In this paper by reduction we construct a family of conformally flat 

Hamiltonian-minimal Lagrangian tori in CP as the image of the composition 
of the Hopf map H : S^ ^ CP and a map -0 : R^ — > §^ with certain conditions. 
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-M ■ 1. Introduction 

A Lagrangian submanifold of a Kahler manifold is said to be Hamiltonian- 
minimal (briefly, H-minimal) if it is a critical point of the volume under Hamil- 
tonian deformations. This notion was introduced by Oh in 17 , who also gave an 
example, that is, Clifford tori in C" with standard Hermitian metric 

a^: Si(ri)x---x§i(r„)cC", 

f~^ . where S^{rj) is a circle of radius rj in C 

^^ ■ In El I Helein and Romon studied a general construction of H-minimal tori in 

^^ I C^ from the point of view of completely integrable systems. They provided new 

QP ■ explicit nontrivial examples of H-minimal Lagrangian tori which include the exam- 

ples previously constructed by Castro and Urbano in C^ [3] . A similar construction 
has been generalized to the cases of Hermitian symmetric spaces, e.g., in CP , see 
[SI [TTJ [TD] for details. However, in the non-flat cases, the underlying equations are 
no longer linear, which makes the problem much harder. Although in [10], Ma intro- 
C^ I duced a spectral parameter A e S^, as she pointed out, a description of H-minimal 

Lagrangian tori in CP^ in terms of thcta functions seems to be possible. But owing 
to this spectral parameter A ^ C, thus it is still open about the integrability of this 
problem in classical sense. In [T31 [T3] it is shown that if a Lagrangian conformal 
map from M^ to CP^ is given as composition of maps ip := Hotp : M."^ ^ S^ ^ CP^, 
where TL is the Hopf map, then components of ip satisfy Shrodinger equation 

Aipj + i{9xdxipj + Oydyipj) + 4e"93j = 0, 

where ds^ = 2e"(da;^ + dy^) is an induced metric and 9(x,y) is Lagrangian angle. 
In the case of H-minimal Lagrangian tori is a linear function. So in order to 
construct finite gap tori it is necessary to use spectral data of finite gap Shrodiger 
operators, see [B], [TH] for details. 
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In [2], Castro and Urbano constructed a family of minimal Lagrangian tori in 
CP , which are characterized by their invariance under a one-parameter group of 
holomorphic isometrics of CP . By using this idea, in |13[ [9] , they independently 
reduced this problem to a one dimensional system and obtained an equivariant 
solution in terms of elliptic functions, and then constructed H-minimal Lagrangian 
tori in CP^. 

In high dimensional case one of the present authors constructed some examples 
of H-minimal and minimal Lagrangian immersions and embeddings in C" and CP". 
Recently we can find some of works about this topic, see [I] [U [S] and references 
therein. But it is far from the complete characterization. 

In this paper we address to construct a family of conformally flat H-minimal 
Lagrangian tori in CP by reduction methods, which generalizes the results in 
[HIlSlE], with the metric 

ds^ =e'\dx^ +dy^ + dz^). 

In CP'^, it seems to be a little harder. We thus restrict to discuss a very special 
case, that is, u = u{z) and the Lagrangian angle 9 = ax + by, where a and b are 
arbitrary real constants. 



2. Preliminaries 

In this section, we review some well-known facts without proofs and sketch our 
strategy about the construction of H-minimal Lagrangian cone or tori in C* and 



2.1. Notations. Let C* be the canonical complex space of dimension 4 endowed 

4 

with an Hcrmitian product {u,v) — 2_.UkVk- Let us denote ui = Im( , ) and 

k=l 

( , ) = Re( , ). Let -0 : M'^ ^ S^ be an oriented Lagrangian immersion L, 
i.e. tlj*uj = 0, where §^ is the unit sphere in C*. Wolfson in [19] introduced a 
Lagrangian angle 6 and obtained a criterion of H-minimality of L in terms of 9, 
that is, the Lagrangian immersion L is H-minimal if and only if the Lagrangian 
angle 9 is a harmonic function on L. The Lagrangian angle of L in C* is defined 
by the formula 

e*»(p) = dziA---Adz4(*), peL, 

where Zj, j = 1, • ■ • ,4 are coordinates on C^ and ^P is an orthonormal tangent frame 
at p e L with the same orientation of L. For the general case, see [19] for details. 

Let Ti : S'^ ^ CP^ be the Hopf map. An induced Hermitian product on CP^ 
is called to be the Fubini-Study metric defined by < CijC2 >:= (CijC2), where 
Ci, i = 1, 2 are tangent to CP"^ and Q are the corresponding horizontal lifting by 
Ti. Let C be a Lagrangian cone in C^ with the vertex at the origin. It follows 
from the definition of < , > that 7i(C) is a Lagrangian submanifold in CP'^, where 
C = CnS*^. Moreover, if the cone C is H-minimal in C'', then 7i(C) is also H-minimal 
in CP^ see [12 [1] for details. 



2.2. On conformally flat Lagrangian immersions. In the following we only 
consider conformally flat immersions in C* and CP . 

Let -0 — {ip^ , ij;'^ , tp^ , ip'^) : M'^ ^ §^ C C^ be an oriented immersion with a 
conformally flat metric 

satisfying the following properties 

{lp, IPx) = (-0, Ipy) = {ip, Ip^) = 0, 

{lpx,tpv) = {lpy,1pz) = {lpz,1px) = 0, 

by the above arguments, thus 7i o i/> is a Lagrangian immersion in CP and 

(2.1) $ = (^, e-"Vx, e-"V'y, e-"V.)* G U(4) 
and the Lagrangian angle 9{x, y, z) is given by 

(2.2) e'^ = det($). 
By using ((^ and ([^ . we have 

(2.3) * = (e' V, e-"V., e-"Vy, 6""^.)* e SU(4) 
and denote 

(2.4) W:=*^*-\ V:=*.y*"\ W := ^^^^^ G SU(4). 
The compatibility condition of (|2.4p is 

(2.5) Wy - V, + [Z^, V] = 0, V, - Wy + [V, W] - 0, W, - W, + [W, Z^] = 0. 

Moreover, if A6{x,y,z) = 0, then the immersion H o -0 is a conformally flat H- 
minimal Lagrangian immersion in CP' , where A is the corresponding Lapalacian 
operator given by the formula 

A •= -e~"(") [— + — + — + — — + ^.^ , "^ ^ 1 



dx^ dy"^ dz^ 2 dx 2 dy 2 dz 

Conversely, given SU(4)-valued U, V, W satisfying (|2.5p . we solve the system 
([^ with (P^ for * e SU(4) and then obtain the immersion : R^ ^ S"^ and 
the Lagrangian angle 6. If A9 ~ and ip satisfies certain periodic conditions, then 
the immersion TC o tp gives a conformally flat H-minimal Lagrangian torus in CP . 
Notice that for general case, this method does not work. 



3. Conformally flat H-minimal Lagrangian tori in CP 

In this section, by using the above method, we will construct a special class 
of conformally flat H-minimal Lagrangian tori in CP with u — u{z) and the La- 
grangian angle = ax + by, where a and b are arbitrary real constants. 



3.1. The first step is to choose U, V and W. By a direct calculation, we have the 
following lemma. 

Lemma 3.1. Suppose lA = {uki), V — (vki), W — (wki) are SU{^)-valued matrices 
satisfying (|2.4p and Uki,Vki,Wki depend only one variable z for 2 < k,l < A, then 
they must be the following form 



/ „-ie+u -I I „ ^ A„^ „-„^„- 

u 




and 

/ ib 6*^+" 

, . _ ic2 ici 

-e-"*+" ici -i{b + C2) icze 
V icge-^" +u' 

and 

/ e^*+^ 

^, ^ JC3e-3" 

'^0 icge-^" 

y_g->e+n Q Q -21036-^", 

where u = u(z) satisfies the equation 

(3.1) u' 2 + e2u + c^e-^" _ c = 0, m' = ^. 
^ ' -^ dz 

and Ci, C2, C3 are arbitrary real constants and C — aci + bc2 + 2cf + 2c2. 

3.2. The second step is to solve the following system 

(3.2) *:r=Z^*, *y = V^, ^^^W*. 
Write 

(3.3) 4- = (e' V, e->,, e->j„ e'^.)*, 

where ^ = ^(x, y, z) is a smooth function. By using p.3p . the system (|3.2p can be 
rewritten as 

(3.4) v., - (m' + ic3e-3")V. = 0, 

(3.5) Vyz - {u' + ic3e-3")Vy = 0, 

(3.6) i>xy - i{c2il^x + iClTpy) = 0, 
and 

(3.7) iJxx + e^"V + i(a + ci)^p.^ - ic2^y + {{u' - icse-^")^^ = 0, 

(3.8) ipyy + e^^V - iciipx + i{c2 + b)iPy + ((u' - ic3e"^")V'^ = 0, 

(3.9) v.. + e'"V' + (2ic3e-3" _ uOV'. = 0. 

From (|3.4p and (|3.5p , we know that V' must be of the form 

(3.10) 7/) = P(z)(y9(a;, y) + (5(z), (^(a;, y) ^ constant, 
and then p.4p and p.Sp reduce to 

(3.11) P(z)-(u' + ic3e-3")P(z) = 0. 



The solution of ((3lT|l is 

(3.12) P{z) = aie"+^"^' /'="'"'^^ ai G R. 

Substituting ([XTU)) and ((XT^ into dHU), we get 

(3.13) y^xy - iic2^x + Ciipy) = 0. 

Substituting ((XTU)l into (^7)1 and ([g:^ . and then using (jHl^ and dSHSl), we get the 
following 

(3-14) Q'W = ^-^tI^, 

(3.15) Lpxx + i(a + ci)i^a; - ic2ipy + £ (^ = 0, 

(3.16) V3yy - iCi(p:r + i(fe + C2)(y3y + £(p = 0. 

Write 

(3.17) g(z) = i/(z)e^G(^\ 

where 0(2) and Ii{z) are real smooth functions. By differentiating p.ip . we obtain 

(3.18) u" + e^" - 3c^e^^" = 0. 

By using p.lSp . and separating the real part and the imaginary part of (I3.14p . we 
obtain 

H'{z){(L ~ e^") + w'e^^ff (z) = 0, G'(z)(e2" - £) - cge^" = 0, 

thus 

H{z) = 02^/0: -e2«, 02 e M, G(z) = / J"" dz + 03, 03 e R. 

From (|3.13p . without loss of generality, we could assume that (p{x,y) has the 
form 

^ — ' aj — ci 

It follows from p.l7p . p.l5p and (|3.16p that a — aj is a root of the equation 

a^ + aa^ - <8a + ciC = 0. 
where 05 = 2cxa^'ic^ +C26 + 3c2^ 

Notice that up to now we only use (|3.4p — p.Sp to obtain an explicit form of V' 
as follows 

JC3 r „ , . —dz 



(3.19) + a2e*"Vc:-e2«(-)e e2"(^) - £ 

Furthermore, it is easy to check that this function -0 also satisfies p.9p . Thus we 
solve the system p.2p . Summarizing the above discussions, we have the following 
proposition. 



Proposition 3.2. // we suppose that u = u{z) is a smooth solution of u{zy ^ + 
g2"(z) _)_ c'^Q-^^i^) — <t ~ 0; and a is a root of the equation 

(3.20) a^ + aa^ -Sa + ciC^O 

Then ^ — (e i/;, e""'!/'^;, e""?/'^, e""'!/'^)* is a solution of the system (j3.2p with 
9 — ax + by and 



i^(x,y,z) ^ K^e'^'^^+Py^ P{z) + K2Q{z), /3 - 



C2a 



a — ci 
where ki ararf K2 are arbitrary complex constants and 

3.3. Main results. We now state our main theorem. 

Theorem 3.3. Suppose that the equation p.20p has three distinct roots, denoted 
by Qfi, a2 and aj,. Write f3j — '^''"^ , j — 1,2,3. Then the map Ti o ijj : Ti? —> 

CP defines a conformally flat H-minimal Lagrangian immersion in CP , where 
Ti. : S^ ^ CP is the Hopf map and the map tp : TZ^ — ;■ S'' C C^ is given by the 
formula 

^ = (7iP(z)e^(^"i+2'/5i), j2P{z)e'^''°'^+y'^^\ 73P(2)e^(^"^+'"^^\ l4Q{z)). 
Here 1a = \ h ind 



_ , £+020:3 ry — / e+aias _, _ / £+aia2 



Proof. It suffices to check; that 

vf = (e' V, e->„ e->j„ e">,)* G SU(4). 
By using p.20p . we have 

(3.21) ai + a2 + Q^3 = ^a, aia2 + ai^a + a2a^ — —25, aia2Cfi — — £. 

It follows from p.2ip and the explicit forms of 7^ that 

333 

Y. ^J = ^4 , Y. ^^1 =0, ^ 720,2 = 1 , 

j=i j=i j=i 

3 33 



These identities yield that 

{lpx,tpy) = {lPv,1pz) = {lpz,1px) =0, 
3 

^2m 



= e^". by using ([XT]) 
That is to say, ^ G SU(4). Thus we complete the proof of the theorem. D 



We finish this section to discuss how to obtain conformally flat H-minimal La- 
mgian tori in CP . 

Notice that in (|3.fp if we make the following change 



(3.22) u = M(z):=-log(2v/=9(^), 
then we have 

(3.23) q'{zf = 256clq{z)^ + A^qiz)"^ + q{z). 

Thus if we choose three real constants Ci , C2 and C3 such that the equation 

256c^f^ + A€.f + t = Q 

has two negative roots and does not have multiple roots, then this assures that ()3.23|) 
has a smooth periodic solution of the period r, see [16| for details. It follows from 
()3.22|) that so is ()3.ip . We here remark that in this case C = aci+6c2+2cf + 2c2 > 0. 

We next discuss the condition such that the function ip in (|3.19p is a periodic 
function of x, y,z repesctively. According to the form of 1]: in (I3.19|l . if we assume 
that ci S Q and a2, a2 and as are three distinct rational roots of ()3.20|) . then ?/; 
is periodic w.r.t. x and y. Notice that u{z + t) — u{z) and there exists a periodic 
function h{z) of the periodic r such that 

g-3ii(z)g^ r-T g-3u(z)g^ 

„ , , dz — h(z) + z „ , , dz. 

This implies that if we assume 



, , , , — dz e Q , 

then ip is periodic in z with the period nr for some n G N. 

Thus, combining with Theorem l3.3i we have 
Theorem 3.4. // we suppose that 

1. u = u{z) is a periodic solution of p.ip with the period t; 

3. a\, ai and as are distinct rational roots of p.20p . 



Then the map Tioip : M? -^ CP defines a conformally flat H-minimal Lagrangian 
torus in CP' . 
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